Let E d denote the d-dimensional Euclidean space. According to the longstanding Kneser-Poulsen conjecture (resp., Gromov-Klee-Wagon problem) if the centers of a family of N congruent balls in E d , d > 2 are contracted, then the volume of the union (resp., intersection) does not increase (resp., decrease). In this note, we investigate these problems for uniform contractions, which are contractions where all the pairwise distances in the first set of centers are larger than all the pairwise distances in the second set of centers, that is, when the pairwise distances of the two sets are separated by some positive real number. Improving earlier results, we prove that the volume of the union of N congruent balls in E d , d > 2 does not increase under any uniform contraction of the center points when N ≥ 2 d . Furthermore, we show that the volume of the intersection of N congruent balls in E d does not decrease under any uniform contraction of the center points when N ≥ 2.359 d and d ≥ d0, where d0 is a (large) universal constant.
Introduction
We denote the Euclidean norm of a vector p in the d-dimensional [13] and E. T. Poulsen [15] independently stated the conjecture that if Q = {q 1 , . . . , q N } is a contraction of P = {p 1 , . . . , p N } in
holds for all N > 1 and r > 0. It is customary to assign also the following related conjecture to M. Kneser and E. T.
holds for all N > 1 and r > 0. For the sake of completeness we recall from [5] that in fact, the question on proving (2) has been raised as follows. First, in 1979 V. Klee [11] asked whether (2) holds in E 2 . Then in 1987, M. Gromov [9] published a proof of (2) (2) for not necessarily congruent balls when N ≤ d + 3 generalizing the relevant result of M. Gromov [9] for N ≤ d + 1. On the other hand, the author and R. Connelly [2] proved (1) as well as (2) for not necessarily congruent circular disks and for all N > 1 in E 2 . Very recently B. Csikós and M. Horváth [7] (resp., I. Gorbovickis [8] ) gave a positive answer to the Gromov-Klee-Wagon problem in H 2 (resp., S 2 for circular disks having radii at most π 2 ). However, both (1) and (2) remain open in E d for all d ≥ 3. Finally, we say that the (labeled) point set
The problem of proving (1) as well as (2) for uniform contractions has been investigated in the recent papers [3] , [4] , and [5] .
On the one hand, Theorem 1.5 of [4] proves (1) for all uniform contractions in
, where c > 0 is a universal constant. In this paper, we improve this result as follows.
Remark 2. As . This result has been reproved in a short way in [5] (see also [3] ) and also under a somewhat weaker condition namely, for N ≥
Here we present the following improvements.
with separating value λ in E 3 and N ≥ 11, then
(ii) Let λ > 0, r > 0 and let
Remark 4. As [2] proves (4) for all contractions of N not necessarily congruent balls with N ≤ 6 in E 3 therefore in order to prove (4) for all uniform contractions of N > 1 congruent balls in E 3 one is left to prove (4) for all uniform contractions of N congruent balls with N = 7, 8, 9, 10 in E 3 .
In the rest of the paper we prove Theorems 1 and 3.
Proof of Theorem 1
As the claim holds trivially for 0 < r ≤ λ 2 therefore we may assume that 0 < λ 2 < r. The diameter of
is at most 2r + λ. Thus, the isodiametric inequality ( [16] ) implies that
where
. . , N is a packing of balls. Next, we are going to use the following form of the isoperimetric inequality. Namely, the Brunn-Minkowski inequality ( [16] 
holds for any ǫ > 0, where
Thus, (7) implies in a straightforward way that
By assumption N ≥ 2 d and therefore r + N
This inequality, (6), and (8) complete the proof of Theorem 1.
3 Proof of Theorem 3
Proof of Part (ii) of Theorem 3
Recall that P := {p 1 , . . . , p N } ⊂ E d such that 0 < λ ≤ |p i − p j | holds for all 1 ≤ i < j ≤ N , where N ≥ 2.359 d with d being sufficiently large.
Definition 1. The circumradius cr(X) of the set
Proof. First, we note that (10) holds for sufficiently large d. Hence, the statement follows from (9) and (10) in a straightforward way.
Definition 2. For a set ∅ = X ⊆ E d , d > 1 and r > 0 let the r-ball body X r generated by X be defined by (5) follows. Thus, for the rest of the proof we assume that cr(P ) < r, which together with Lemma 5 implies
Next, we recall Lemma 2.6 of [4] (i.e., (18) in [5] ) and state it in the following equivalent way. (Actually, the short proof of (18) in [5] shows that Lemma 6 holds for all d > 1, N > 1, λ > 0, and r > 0, i.e., we do not need the assumption that N ≥ 2.359 d with d being sufficiently large.)
Here we follow the convention that if r − N
The statement that follows reveals the second main idea of our proof. In fact, it is a strengthening of Lemma 2.2 in [4] , i.e., of (13) in [5] and it follows from a volumetric inequality of O. Schramm [17] in a straightforward way. For the sake of completeness, recall that Q := {q 1 , . . . ,
d with d being sufficiently large.
Proof. First, recall Theorem 2 of [17], which we state as follows.
where F (µ, ρ, x) := µ 2 − ρ 2 + x 2 − x, which is a positive, decreasing, and convex function of x > 0.
Second, Jung's theorem ( [10] ) implies in a straightforward way that cr(Q) ≤ 2d d+1 λ 2 and (11) guarantees that 2d d+1 λ 2 < r. Hence, from this and (12), using the monotonicity of F (µ, ρ, x) in x (resp., ρ), one obtains
which completes the proof of Lemma 7.
Clearly, Lemma 6 and Lemma 7 imply that in order to show the inequality
, it is sufficient to prove
(14) is equivalent to
and obviously, (15) 
Proof of Part (i) of Theorem 3
Recall that P := {p 1 , . . . , p N } ⊂ E 3 such that 0 < λ ≤ |p i − p j | holds for all 1 ≤ i < j ≤ N , where N ≥ 11. Now, a classical result of H. Davenport and G. Hajós (for details see [14] ) implies that
If r ≤ cr(P), then V 3 (P r ) = V 3 (∅) = 0 and so, V 3 (P r ) ≤ V 3 (Q r ), i.e., (4) follows. Thus, for the rest of the proof we assume that cr(P ) < r, which together with (17) implies
Next, we state Lemma 6 for d = 3.
Proof. Jung's theorem ( [10] ) for d = 3 implies that cr(Q) ≤ 
which completes the proof of Lemma 10.
Clearly, Lemma 9 and Lemma 10 imply that in order to show the inequality
, it is sufficient to prove 
